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Entry-exit decisions with implementation delay under 

uncertainty 
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Abstract 

We employ a natural method from the perspective of the optimal stop¬ 
ping theory to analyze entry-exit decisions with implementation delay of 
a project, and provide closed expressions for optimal entry decision times, 
optimal exit decision times and the maximal expected present value from 
the project. The results in conventional research were obtained under the 
restriction that the sum of the entry cost and the exit cost is nonnega¬ 
tive. In practice, we usually meet this sum is negative, so it is necessary 
to remove the restriction. If the sum is negative, there may exist two 
price triggers of entry decision, which does not happen when the sum is 
nonnegative, and it is not optimal to enter and then immediately exit 
the project even though it is an arbitrage opportunity. 
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1 Introduction 

The background to entry-exit decisions is described as follows [19]. A firm has 
an option to invest in a project as well as stop it. To start the project activity, 
the firm needs an initial investment cost to produce a commodity at a running 
cost. In addition, it may stop the project at a terminal investment cost. 

What time is optimal to decide to enter the project and what time is 
optimal to decide to exit the project? Many authors answered these two 
questions in the setting that there is no time lag between decision times and 
corresponding implementation times. For example, see [3, 5, 6, 9, 10, 15-19]. 
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In practice, a major characteristic of investments is that there exist lags 
between decision times and corresponding implementation times. Some au¬ 
thors discussed entry-exit decision problems with implementation delay. For 
example, see [2, 4, 7, 11]. 

In [2], Bar-Ilan and Strange embedded lags in the classic model presented 
by Dixit [5]. They considered entry and exit decisions by employing the real 
option theory and derived a system of equations (see Equations (22)-(25) in 
[2]), then obtained semi-closed solutions for entry and exit decisions. However, 
they did not proved the existence and uniqueness of the solution to the system. 
Gauthier and Morellec [ ] provided more explicit solutions through assuming a 
priori the forms of decision times. In [11], 0ksendal studied two optimal exit 
decision problems with implementation delay—an assets selling problem and 
a resource extraction problem. In [4], Costeniuc et al. applied the probabilistic 
approach to entry and exit decisions with Parisian implementation delay from 
the view of real options. 

The results in conventional research were obtained under the assumption 
that the sum of the entry cost and the exit cost is nonnegative. In practice, we 
usually meet this sum is negative. For example, an investor buys a project at 
a low price and then sells it at a high price. We will remove this assumption 
and study the case where the sum is negative. 

If the sum is nonnegative, there exists no arbitrage opportunity, and there 
is only one price trigger of entry decision. However, if the sum is negative, it 
is an arbitrage opportunity to enter and then immediately exit the project, 
and there may be two price triggers of entry decision ((vi) of Theorem 5.6). 
We find that it is not optimal to enter and then immediately exit the project 
even if the sum is negative (see (iii) and (vi) of Theorem 5.6). 

In this paper, we employ a method from the perspective of the optimal 
stopping theory, which proves to be natural, to rigorously discuss the entry- 
exit decision problem with implementation delay. We study this problem by 
three steps. First, we transform the delayed case into an instant case. Second, 
we decompose the instant case into two standard optimal stopping problems, 
and then solve these two problems. Finally, we provide explicitly an optimal 
entry decision time, an optimal exit decision time and an expression of the 
maximal expected present value from the project. 

We outline the structure of this paper. In Section 2, we recall briefly the 
classical optimal stopping theory. In Section 3, we show that delayed optimal 
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stopping problems involving two stopping times can be transformed to instant 
ones. In Section 4, we describe the model in detail. In Section 5, we obtain 
an optimal entry-exit decision as to when the firm decides to enter the project 
and when the firm decides to exit the project (Theorem 5.11). 

2 Some results concerning classical optimal stopping problems 

In this section, we recall briefly some results of classical optimal stopping 
problems. For details, we refer to [13, section 5.2], 

Let (Q, ^ o,P) be a filtered probability space with {^t}t >o sat¬ 
isfying the usual conditions and being the completion of {0, ST}. Let 
B = ( B(t),t > 0) be a d-dimensional standard Brownian motion defined 
on (Cl,#', {^t}t> 0 ,P). 

Let X = (X(t),t > 0) be a diffusion in R n given by 

d X(t) = a(X(t))dt + P(X(t))dB(t), X(0) = x, 

where a : M n —>• M n and f3 : M” —>• M. nxd are some Lipschitz functions. 

Let T denote the set of all stopping times valued in [0, +oo]. 

Theorem 2.1. Consider the following optimal stopping problem 
(2.1) V(x) := sup E x [ exp(— rt)f(X(t))dt + exp(— rT)g(X(r)) 

reT [Jo 

for some Lipschitz functions f and g. Here E x [ • ] := E[ • |X(0) = x], and 
exp(— rT)g(X(r)) = 0 on {t = +oo}. 

Assume that r > 0 is large enough. Then the following are true. 

(i) The value function V is Lipschitz continuous and is the unique viscosity 
solution with linear growth of the variational inequality 

min{rF — CV — f, V — g} = 0, 

where C is the infinitesimal generator of X. 

(ii) Set S := {x : x € M n ,F(x) = g(x)} which is called the exercise region. 
Then t* := inf{t : t > 0 ,X(t) € S} is a maximizer of the problem (2.1). 

(iii) The value function V is a viscosity solution of 

rV-CV- f = 0 on C, 

where C := {x : x € M n ,y(a:) > g(x)} is the continuation region; more¬ 
over, if C is locally uniformly elliptic, V is C 2 on C. 
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(iv) Assume that X is 1-dimensional, C is locally uniformly elliptic, and g is 
C 1 on S. Then V is C 1 on dC and C 2 at the isolated points of S. 


(v) Define a function V by 


V(x) := E 


J 


exp(-rt) f (X (t))dt 


Then S = 0 implies V > g and V > g implies V = V. 

(vi) If g is C 2 continuous on some open set O, then S C {x : x £ O, rg(x) — 
Cg(x) — f(x) >0}L)O c . 


(vii) Assume that X is 1-dimensional and takes values in (0,+oo), X(t,x) —>■ 
X(t, 0) = 0 as x —> 0, V(xo) < g{x o) for some xq > 0, and g is C 2 
continuous. We have the following two facts. If V = [a, +oo) for some 
a > 0, where V := {x : x > 0 ,rg(x) — Cg{x) — f(x) > 0}, then S = 
[x*,+oo) for some x* € [a,+oo). If g( 0) > /(0)/r and V = (0,a] for 
some a > 0, then S = (0,®*] for some x* £ (0,a]. 

Proof. We refer to [13, section 5.2] for the proof. □ 


3 A useful transformation 

In this section, we show that delayed optimal stopping problems involving two 
stopping times can be transformed to instant ones. The proof is similar to 
that of [12, p. 38, Theorem 2.11]. 

Theorem 3.1. Let 5 be a nonnegative number. Consider the following two 

optimal stopping problems 

(3.1) 

rT2+5 

J(x):= sup / f(X(t))dt + gi(X(Ti + 8 ))+g 2 (X(T 2 + 5)) , 

Ti,r 2 eT, L-'-ri +<5 

T 1< T 2 

where f,gi,g 2 '■ K n —> M are three functions such that the expectations are 


finite; 




(3.2) 

J{x):= sup E* 

I" 2 f(X(t))dt + gf(X(Ti)) + 9 3 2 (X(t 2 )) 


n. T 26 T, 

J n 



T 1< T 2 



where 





gf(x) := E* 

- / f(X(t))dt + gi(X(5)) 

. Jo 
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and 


gfa) 


f f{X(t))dt + g 2 (X{5)) 

J o 


Then J(x ) = J(x). In addition, if (r*. r|) is a maximizer of (3.2), it is also 
a maximizer of (3.1). 

Proof. 1. Note that 

fT2+5 


E 2 


/■T2+0 

/ /(X(t))dt + 5i(X(n+(5))+5 2 (^(t 2 + (5)) 

J Tl +5 

/ r2+5\ 

J /(*(*)M* 


= E' 


= E 1 


rri+<5 /■T2+i5^ 

+ 


+5i (^ (n + <5)) + 52 (^ (r 2 + 5))] 

T 2 /(X(t))dt - r +S f(X(t))dt + ffl (X(n + 6 )) 

J Tl J Tl 

rT 2 +S 

+ f(X{t))dt + g 2 {X(T 2 + 5)) 

Jto 


Then, by the strong Markov property of the process X, we get 


E 2 


T2+S 
_J Tl +(5 

= E x 


[ f(X(t))dt + gi(X(ri + 5)) + g 2 (X{r 2 + 6)) 

J Tl +(5 

[ T2 f(X(t))dt + E x ^ \- [ f(X(t))dt + 9l (X(6] 

J n L do 

+E *+ 2 ) T I* f( X (t))dt + g 2 (X(8)) 

Jo 

[ T2 fiX^dt + giiX^ + giiX^)) 

J Tl 


which completes the proof. 


□ 


4 The model 

We return to the entry-exit decision problem introduced in Section 1, and 
assume that the price process P follows 

(4.1) d P(t) = pP(t)dt + aP(t)dB(t) and P( 0) = p, 

where p € R, a, p > 0, and B is a one dimensional standard Brownian motion, 
which denotes uncertainty. 
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Applying Ito’s formula, we deduce that the solution of the equation (4.1) 


is 


(4.2) 


P(t) = P( 0) exp 


/i- -cr 2 ) t + aB(t) 


To answer the two questions—what time is optimal to make an entry 
decision and what time is optimal to make an exit decision, we will solve 
the following optimal problem 
(4.3) 


J(p) := sup E p 


Tl<T 0 Uti+5 


fTQ+S 


exp(—rt)(P(t) — C)dt — exp (—r(rj + 6 ))Kj 

-exp(—r(r 0 + 5))K 0 ] , 


where 77 and to are stopping times, r is the discount rate such that r > 0, C 
is the running cost, Kj is the entry cost, Ko is the exit cost, and the nonneg¬ 
ative number 5 is a time lag between the decision time and the corresponding 
implementation time. We call stopping times tj and to an entry decision 
time and an exit decision time, respectively, and the function J the maximal 
expected present value from the project. 

Remark 4.1. (1) We do not propose any restriction on the running cost, entry 
cost and exit cost, except for constants. 

(2) Note that for any stopping time r and nonnegative number S, t + 5 is also 
a stopping time. The maximal expected present value J of the delayed 
case is no more than that of the corresponding instant case. We may 
interpret their difference as the loss due to delayed implementation. 

(3) Furthermore, let 0 < <5i < 82 < +00 and T is the collection of all stopping 
times, then {t + 82 : r € T} C {t + <5i : r G T}, thus the value of J 
corresponding to 62 is no more than that corresponding to (5i. This implies 
the following principle: once one has made a right decision, he/she should 
activate it as soon as possible. 


5 An optimal entry-exit decision 

In this section, we provide an optimal entry-exit decision and an explicit ex¬ 
pression for the function J. 
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Let us first consider a simple case r < //. In this case, noting the expression 
(4.2) of P, we have 


E p 


r+oo 

J exp (—rt)(P(t) — C)dt 

r+oo 

= / exp(— rt) (pexp(nt) — C) df 
J 5 


= 


lim ( p (t — 5) H-(exp(— rt) — exp(— r5)) ) , if r = p 


t — (“OO 


lim 


P 


t ->-+oo — r 

C 


( ex P(( a* - r)t) - exp((/r - r)<5)) 


H— (exp (—rt) — exp(—r<5)) ) , if r < fi 


= +oo, 


where we have used the fact that the process 

^exp ^cr 2 f + <rI3(t)^ ,t> 0 

is a martingale (see [1, p. 288, Corollary 5.2.2]) for the first step. 
Thus we obtain the following result. 


Theorem 5.1. Assume that r < /i. Then Tj := 0 a.s. is an optimal entry 
decision time and Tq := +oo is an optimal exit decision time, i.e., the firm 
should never exit the project. In addition, the function J in (4.3) is given by 
J = Too. 


Now we determine an optimal entry-exit decision for the case r > /a. To this 
end, we first employ Theorem 3.1 to transform the delayed optimal stopping 
problem (4.3) to an instant one. 

Theorem 5.2. The delayed optimal stopping problem (4.3) is equivalent to 
the following optimal stopping problem 

(5T) 

J{p) := sup E p f exp(—rt)(P(t) — C)dt 

TI <TO U TJ 

- exp(-rr/)(fciP(T/) T k 0 ) - exp(-rT 0 )(hP(T 0 ) T lo)] , 

where 

, exp((u — r)5) — 1 , C. , „ _ , 

k\ := ---, ko := —(exp(— rS) — 1) T exp(— rd)Kj, 

/a-r r 
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, exp((u — r)S) — 1 , C, , n 

h '■= -, lo ■= -(exp (—r5) - 1) + exp (-rd)Ko- 

fi — r r 

Proof. 1. Define the process X by X(t) := [s + t, P(t)] T , where s £ R. Then 


d X(t) = 


1 

/iP(t) 


dt ~\~ 


0 

aP(t) 


d B(t), X(0) = 


P 


2. According to Theorem 3.1, we need to calculate 

r s 


(5.2) 
and 

(5.3) 


E p 


E p 


— f ex.p(—r(s + t))(P(t) — C)dt — ex.p(—r(s + 5))Ki 

Jo 

f exp(—r(s + t)) ( P(t ) — C)dt — exp(— r(s + 5))Ko 
Jo 


For (5.2), we have 
r S 


E p 


f exp(— r(s + t)) ( P(t ) — C) dt — exp(— r(s + S))Kj 
Jo 


= — exp(—r(s + t))(pexp(nt) — C)dt — exp(—r(s + 8))Ki 


= — exp (—rs) 


P 


(exp ((m ~ r)S) - 1) 


fi-r 

(j 

-\— (exp(— r6) — 1) + exp (—rS)Kj 
r 


where we have used the fact that the process 

exp + aB(t)^J ,t > 0 

is a martingale (see [1, p. 288, Corollary 5.2.2]) for the first step. 

Similarly, we can calculate (5.3). Therefore, in light of Theorem 3.1, the 
delayed optimal stopping problem (4.3) is equivalent to the optimal stopping 
problem (5.1). □ 

In order to solve the optimal stopping problem (5.1), we will solve the 
following two the optimal stopping problems 
(5.4) 


G(p) := supE p 

TO 


f exp (~rt)(P(t) - C)dt - exp(-rTo)(/iF , (ro) + Iq) 

Jo 
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and 


(5.5) H(p) := supE p [exp(-rr/) (G(P(r/)) - kiP(ri) - k 0 )]. 


Assume that r > p. Let Ai and A 2 be the solutions of the quadratic 
equation 



with Ai < A 2 . Then we have Ai < 0 and A 2 > 1. 

Theorem 5.3. For the optimal stopping problem (5.4), the following are true. 

(i) If r > fi and C < rKo, then Tq := +00 a.s. is a maximizer of (5.4). In 
addition, G(p ) = p/(r — p) — C/r. 

(ii) If r > p and C > rKo, then Tq := inf{t : t > 0 ,P(t) < po} cl.s. is a 
maximizer of (5.4), where 



In addition, 



G(p ) = — J — (exp((// - r)5) - 1) 

H r 


H-(exp(— rS) — 1) — exp(— rS)Ko, if p <po 

r 


where A = exp((p — r)5)po 1 Al /(Ai (p — r)). 


Proof. 1. Assume that r > p and C < rKo- 
Noting that 



we have 


E p / exp (—rt)(P(t) — C) > —l\p — Iq- 


Therefore, by (v) of Theorem 2.1, we achieve (1). 


2 . Assume that r > p and C > rKo- 
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In this case, we have V = (0, exp(— pS)(C — rKo)\■ Thus, by (vii) of 
Theorem 2.1, the exercise region is of the form (0 ,po] for some po € (0, +oo). 
On the continuation region ( po,+oo ), G satisfies the equation 

rG — ppG' — ^(T 2 p 2 G" — p + C = 0 

by (iii) of Theorem 2.1. Furthermore, by the Lipschitz property of G , we have 

G{p) = Ap x1 + — - - 

r - p r 

for some constant A. 

Note that G is C 1 continuous at po by (iv) of Theorem 2.1. We get the 
following system 

Apo 1 + — -— = (exp((/r - r)5) - 1) 

r — fi r [i — r 

C 

< H-(exp(— rS) — 1) — exp(— r6)Ko 

r 

\ A _X!-i , 1 exp((/r - r)8) - 1 

Ai Ap(j H-=-, 

r — p, p — r 

from which we obtain 

(5.6) po = exp (~nS) x {r - p) - K 0 \ 

and 

A = exp((/r - r)5)^j --. 

The proof is complete. □ 

Remark 5.4. We will prove in Theorem 5.11 that po is the price trigger of exit 
decision. 

Corollary 5.5. The optimal exit trigger price po in Theorem 5.3 satisfies 
po < exp (-/id) (C - rK 0 )■ 

Proof. Note that l/\\ < pfr. Then, thanks to (5.6), the conclusion follows. 

□ 


Theorem 5.6. For the optimal stopping problem (5.5), the following are true. 

(i) Ifr > p, C — rKo < 0 and C+rKj < 0, then rf := 0 a.s. is a maximizer 
of (5.5). In addition, 

TT , . exp((n — r)S) . /C 

H(p ) =- p — exp(— rd) -1- Kj 

r - p \r 
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(ii) If r > p, C — rKo < 0 and C + rKj > 0, then rf := inf{t : f > 0, P(t) > 
pi} a.s. is a maximizer of (5.5), where 


A2 


Vl = exp (-p5)~ — —r(r - p) [ -I -KA . 


A 2 — 1 


C 


In addition, 


H(p) = 


Bp x2 , if P < Pi, 
exp((/i - r)5) 


r — p 


C 


P — exp(—r(5)-t -Ki), if p>pi, 


where B = exp((p — r)5)pi 1 X2 /(X 2 (r — p)). 

(iii) Ifr > p, C — rKo > 0 and C+rKi < 0, then rf := 0 a.s. is a maximizer 
of (5.5). In addition, 


H(p ) = 


\ exp((// — r)S) . . (C A 

^4p Al H- -p - exp(—r<5)- \-K I ) , if p> p 0 , 

r-p \r ) 

-exp (~r8)(Ki + K q ), ifp<po- 


(iv) If r > p, C — rKo > 0, C + rKi > 0 and Ki + Ko > 0, then rf := 
inf{i : t > 0,P(t) > pi} a.s. is a maximizer of (5.5), where pi is the 
largest solution of the algebraic equation 


A(X 2 - Xi)p Xl + eXp((M r)5) (Aa - 1 )PI - A 2 exp(-r<5) (- + Kf) = 0. 

r — p \ r J 

In addition, 


H(p ) 

where 




Bp X2 , if p < pi, 

. x, exp ((p — r)5) . „ 

Ap 1 H- p — exp(— r8) 

r — p 



if P> Pi, 


B = X\X 2 1 Ap Xl Aa +exp ((p — r)5) 


Pi 


1 — X2 


X 2 {r- p)' 


(v) If r > p, C — rKo > 0 , C + rKi > 0, Ki + Ko < 0 and po > 
exp(— pS)(C + rKi), then rf := 0 a.s. is a maximizer of (5.5). In 
addition, 


H(P ) 


Ap Xl + 6XP ^ —- exp(—r<5) (— + I<i \ , if p > p 0 , 
r — p \r ) 

-exp (~r5)(Ki + Kq), if p< po¬ 


ll 













(vi) If r > n, C — rKo > 0, C + rKj > 0, Kj + Ko < 0 and po < 
exp(—p5)(C + rKi), then rf := inf{i : t > 0 ,P(t) < p^ or P(t ) > 
p\^} a.s. is a maximizer of (5.5), where (p[ 1 \pf' 1 ) is the solution of the 
equation 


(5.7) 


\ (1) _A1 (1)— A1 

A 2 P) -p\ 


- exp (—r5)(Ki + K 0 ) 

(1) A 2 (1) A 2 
_ -Ai p\ p\ 


0 


a4 2) " Ai 


(2)" A i 

~Pj 

, ( 2)“ A 2 ( 2)“ A 2 
-Ai p) p\ 


Ap V) x1 + exp((/i - r)5) ^( 2 ) 


r — p 


— exp(— rS) —f Kj 

XlApf )Xl + °*Pi(P-r)6) p f) 


c 


with p^ < p^p. 


In addition, 


Ap \i + exp {(p-r) 6 ) 


H(p) = 


where 


and 


C 


P ~ exp (~r 6 ) ( — + Kj ) , if p > pf\ 
r—p \r 1 

Bip Xl + B 2 p X2 , if p'j ] <p< p ( p , 

k -exp(-r<5)(i£/ + K 0 ), if P < pf\ 

A 2 pj 1) exp(— r5) 


B\ = — 


A 2 — Ai 


{Kj + K 0 ) 


B 2= >~^ r KM-rS) (Ki+Ko) 

a 2 ~ Ai 

Proof. 1. Assume that r > p, C — rKo < 0 and C + rKj < 0. 

Define a function w by 

w{p) := - ? -^-p — exp(-rd) f — + Kj\ for p € (0, + 00 ). 


r — p 


Then we have 


rw{p) — ppw'(p ) — -a 2 p 2 w"(p) > 0, 


which implies w is a viscosity solution of 


1 


min{rl/ — ppV' — -a 2 p 2 V", V — w} = 0 on (0, + 00 ). 
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Note that H( 0 + ) = w(0 + ). Thus, by uniqueness of viscosity solutions (see 
(i) of Theorem 2.1), we have H(p) = w(p). Consequently, the exercise region 
is of the (0, Too), i.e., Tj := 0 a.s. is a maximizer of (5.5) by (ii) of Theorem 

2 . 1 . 

2 . Assume that r > p, C — rKo < 0 and C + rKj > 0. 

In this case, we have D = [exp(— p5){C + rKj),+oo). Thus, by (vii) of 
Theorem 2.1, the exercise region is of the form \pj, +oo) for some pi £ (0, oo). 
On the continuation region (0 ,pi), H satisfies the equation 

rH — ppH' — i a 2 p 2 H" = 0 

by (7) of Theorem 2.1. Furthermore, by the Lipschitz property of H, we have 
H(p) = Bp X2 for some constant B. 

Note that H is C 1 continuous at pi by (iv) of Theorem 2.1. We get the 
following system 


r ^a 2 _ exp {(p ~ r)6) 


Bpj = 


A2 Bpj 

from which we obtain 


r — ii 
a 2 _i _ exp((/i - r)5) 


(j 

pi — exp(— rS) (-1- Kj 


r — p, 


A 2 


pi = exp {-p,5) ^ _ - (r - p)[— + K I 


C 


and 

B = exp ({p - r)5)-?j --. 

A 2 (r-/i) 

3. Assume that r > p, C — rKo > 0 and C + rKi < 0. 
Define a function w by 


w{p) : = 


. \ exp((u — r)5) , 

Ap 1 H- p — exp(— rd) 

r — p, 



if P > Vo , 


- exp {-rS)(Ki + K 0 ), if p < Po- 
Then w is a viscosity subsolution of 

(5.8) min{rF — ppV' — ^(J 2 p 2 V", V — rc} = 0 on (0, + 00 ). 

We prove that w is a viscosity supersolution of (5.8). To this end, we only 
need to prove 


(5.9) 


rw(p Q ) - ppp'(po) 


]j<? 2 p 2 v"(po) > 0 
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for some function ip £ C 2 {Af(po)) such that w(po) = p{po) and w(p) > tp(p) 
on some neighbourhood Af(po) of po, since rw — ppw' — o 2 p 2 w "/2 > 0 on 
(0 ,po) U (po + oo). 

Noting that po is a minimizer of w—ip on Af(po), we have w'(po)~p'{po) = 
0 and w'!_(po) — <p”(po) > 0, i.e., <p'(po ) = 0 and <p”(po) < 0. In addition, 
thanks to C — rKo > 0 and C + rKj < 0, Kj + Ko < 0. So (5.9) holds. 

In summery, w is a viscosity solution of 

min{rI4 — ppV 1 — 2 p 2 V", V — w} = 0 on (0, +oo). 

Note that H( 0 + ) = u;(0 + ). Then, by uniqueness of viscosity solutions (see 
(i) of Theorem 2.1), we get H(p) = w(p) for p £ (0,+oo). Consequently, the 
exercise region is (0,+oo), i.e., Tj := 0 a.s. is a maximizer of (5.5) by (ii) of 
Theorem 2.1. 

4. Assume that r > p, C — rKo > 0, C + rKj > 0 and AT/ + Ko > 0. 

First assume Kj + Ko > 0. Then, in light of (vi) of Theorem 2.1, we have 

S C [exp(— p8)(C + rKi), +oo) U {po}- 

Note that po < exp(— p5)(C — rKo ) by Corollary 5.5, and Kj + Ko > 0. 
These imply po < exp(— p,S){C + rKj). Consequently, by following the proof 
of (vii) of Theorem 2.1 (see [13, p. 104]) and using (iv) of Theorem 2.1, there 
is a point pj £ [exp(— pd)(C + rKi), +oo) such that 

H{p) = G{p) - kip - k 0 for p £ \pi, +oo) 


and 

(5.10) 


rH — ppH' — -cr 2 p 2 H" = 0 on (0 ,pj). 


Thus, by the Lipschitz property of H, we have H(p) = Bp 2 ' 2 for some 
constant B from (5.10). 

Note that H is C 1 continuous at pj by (iv) of Theorem 2.1. We get the 
following system 


(5.11) 


a 2 _ , exp((p-r)5) 


B P j = A P j 1 + 


r - p 


(j 

Pi — exp(— rd) (-1- Ki 


\ 2 Bp ^- 1 = + 


Ai-i , exp((^ - r)5) 


r - p 


from which we obtain 


A(A 2 - AiK 1 + 


A! , exp ((p-r)5) 


r — p 


(A 2 - 1 )pi — A 2 exp(—r<5)-b AT/ = 0. 


C 
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We will show ahead in Lemma 5.9 that the above algebraic equation has 
only two roots. One is less than po, and the other is greater than po■ Since 
pi > exp(—fj,5)(C + rKi ), po < exp (—p8)(C — rKo ) by Corollary 5.5, and 
Kj + Ko > 0, we must choose the greater one. Furthermore, we have 

B = A 1 A 2 1 Ap) 1 ~ X2 + exp ((n - r)8)-^f --. 

A 2 (r-fi) 

For proving the exercise region is \pi, + 00 ), we only need to show 

(5.12) H(p 0 ) > G(po) - hpo - k 0 . 

To see this, consider the function f(p) := H(p) — G(p) + k\p + ko for p G 
[0,po]- Then we have /(0) = exp(— r8)(Ki + Ko) > 0. In addition, f'(p) = 
X 2 Bp x ^ 1 > 0 for p G (0 ,po), since B > 0 by (5.11) and Lemma 5.9. The 
inequality (5.12) follows. 

Now consider the case Kj + Kq = 0. We refer to the following Step 6. To 
solve the systems (5.13) and (5.14), we put B\ = p^ ] = 0, then the systems 

(5.13) and (5.14) are reduced to (5.11). By repeating the proof of the case 
Ki + Ko > 0, we achieve our aim. 

5. Assume that r > fi, C — rKo > 0, C + rKi > 0, Ki + Ko < 0 and 
po > exp(— p5)(C + rKi). The proof of this case is the same as that of the 
case (iii). 

6. Assume that r > p, C — rKo > 0, C + rKi > 0, Kj + Ko < 0 and 
po < exp (~p5)(C + rKi). 

In this case, we have 

S C (0 ,po] U [exp (—pS)(C + rKi), + 00 ). 

Thus, by following the proof of (vii) of Theorem 2.1 (see [13, p. 104]), the 
exercise region is of the form (0,^^] U [p^\ + 00 ) for some p^ G (0,po] an d 
p^ G [exp(— pS)(C + riv/),+ 00 ). On the continuation region [p'j ^ , pp ), H 
satisfies the equation 

rH — ppH' — i a 2 p 2 H" = 0 

by (iii) of Theorem 2.1. 

Thus we have H(jp) = B\p Xl + B 2 p X2 on {p'j ^, p'P ) for some constant B\ 
and B 2 . 
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Note that H is C l continuous at p~P and pf' 1 by (iv) of Theorem 2.1. We 
get the following systems 


(5.13) 


1 + B 2 p\ l) 2 = - exp (—r5)(Ki + K 0 ) 
XiBip^ 1 + A 2 B 2 p^ = 0 


and 
(5.14) 


A2) Al 


Bip\ + B 2 p y f = Ap 


( 2) a 2 _ . ( 2 ) Al . exp ((p-r)6) ( 2 ) 


r — p 


p\ — exp(— rS) -1 - Ki 


C 


+ x 2 b 2P ? x ‘-' = AMp?^ 1 - 1 + ° xp(( "- rW , 

r — p 

from which, by solving i?i and respectively, we obtain (5.7). 


□ 


Remark 5.7. We will prove in Theorem 5.11 that pi,p\ and pf are the price 
triggers of entry decision. 


Corollary 5.8. The optimal entry triggers pi’s in (ii) and (iv) of Theorem 5.6 
satisfy pi > exp (—p6)(C+rKi); the optimal entry triggers p'p and p'p in (vi) 
of Theorem 5.6 satisfy p^ < exp {—p5){C — rKo ) and p> exp {—p5)(C + 
rKi), respectively. 


Proof. 1. For the case (ii) of Theorem 5.6, we have 


Pi = exp(-pd) 


A 2 


A 2 — 1 


c 

r - p) (- \-Ki 


In addition, note that 1/A 2 > p/r. The inequality pi > exp (—pS)(C + rKj) 
follows. 

2. Consider the case (iv) of Theorem 5.6. 

Define a function U by 


U(p) := Bp x2 — G(p) + k\p + k 0 for p € \po, +oo). 


Then we have U(po) > 0 and U{jpi) = 0. 

We prove the equation U"(p) = 0 has a solution in ( POiPi)■ To this 
end, suppose that the equation U"{p) = 0 has no solution in (po,Pi)- Then 
the function U'(-) is strictly monotonous on \po,Pi]- In addition, note that 
U'(po) = A 2 Bp^f^ 1 > 0 and U'(pi ) = 0. We get U'(p) > 0 for po < p < pi- 
Consequently, 0 < U(po) < U(j>i) = 0, which is a contradiction. 
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On the other hand, by noting U"(p) = A 2 (A 2 — l)Rp A2 ~ 2 ~Ai(Ai — l)Ap Xl ~ 2 , 
the equation U"(p ) = 0 has at most one solution in (po, +oo). 

Therefore, U"(pi) > 0, and then 

r(G(p /) - k\p r - k 0 ) - ppj(G'{p T ) - k x ) - 2 p 2 I G"(p I ) 

> rH(p !) - np^'ipi) - ^cr 2 p 2 I H'f(p I ) = 0, 


i.e., 


Pi > exp (~pS)(C + rKi), 

where we have used rG{pi) — ppjGfpi) — cr 2 p 2 G" (pi) /2 = pj — C. 

3. The inequality p^ < exp(— pS)(C — rKo ) follows from p ^ < po and 
Corollary 5.5. The proof of the inequality p\ > exp(— p5)(C + rKj) is similar 
to Step 2. □ 


Lemma 5.9. Assume that r > p, C—rKo > 0, C+rKi > 0 and Kj+Ko > 0. 
Then the equation 

A( A 2 - Ai)p Al + CXP ^^ —(A 2 - 1 )p - A 2 exp(-rd) (— + Kj\ = 0 
r — n \ r J 

has only two solutions p\ and p 2 in (0, + 00 ) satisfying p\ < po and P 2 > Po- 

Furthermore, XiAptff + exp {{p — r)5)/(r — p) > 0. 

Proof. The proof is similar to that of [19, Lemma 5.5]. 

1. Defined a function E by 

E(p) := A{\ 2 - Ai)p Al + —-^-(A 2 - 1 )p - A 2 exp(— rS) (— + Ki \ . 

r — p \ r J 

Suppose that the equation E(p) = 0 has three solutions in (0, + 00 ). Then 
by Rolle’s mean value theorem, there is a positive number £ such that E"(ff) = 
0, i.e., 

A(A 2 -Ai)A 1 (Ai-l)e Al - 2 = 0 J 

which is impossible. Thus the equation E(p) = 0 has at most two solutions in 
(0, + 00 ). 

2. In this step, we will estimate E(po) and E\po )• 

We first estimate E(po) as follows. 

E{po ) = (A 2 - Ai) ^ 6XP ^_ J^ Po + exp(—r<$) (9 - K 0^ 

+ eXP((/i ~ rM) (A 2 - l)po ~ A 2 e*p(-r*) (?- + Kl ) 
r-fi \r J 

= —A 2 exp(—r5)(Kj + K 0 ) < 0, 
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where we have used continuity of the function G at po for the first equality. 
Now we estimate E'(po). 

E'(ro) = (a, - A+ (a 2 - 

r — p r — p 

= (A, _ < 

r - p 

where we have used C 1 continuity of the function G at po for the first equality. 
3. Note that lim E(p) = +oo, lim E(p) = +oo, E(po) < 0 and E'(po ) < 0. 

p-A0+ p-H-oo 

We find that the equation E(p) = 0 has only two solutions p\ and p 2 in (0, +oo) 
satisfying p\ < po and p 2 > Po- 

Furthermore, E'(p 2 ) > 0. It follows that 


Ai Apff + 


Al exp ((p - r)5) 


> \iAp2 1 + 

1 


r — p 

Ai , A 2 - 1 exp ((p - r)S ) 


A 2 — Ai 


A 2 — Ai 
E'(jp2) > 0. 


r — p 


The proof is complete. 


□ 


Recall the problem (4.3). The following Theorem 5.11 provides a solution 
of entry and exit decisions and an explicit expression of the maximal expected 
present value from the project. To prove Theorem 5.11, we need the following 
lemma. 


Lemma 5.10 ([19, Lemma 4.1]). Assume that r > p. Then the family of ran¬ 
dom variables {exp((/i — r — g 2 /2)t + : r £ T} is uniformly integrable, 

where T is the collection of all stopping times. 

Theorem 5.11. In each case of Theorem 5.6, rf is an optimal entry decision 
time, and Tq is an optimal exit decision time, where Tq := +oo if C < rKo 
and Tq := inf{f : t > rf and P(t ) < po} if C > rKo, respectively. In addition, 
we have J(jp) = H(p). 

Proof. 1. Recall the problem (5.1) 

J(p) := sup E p f exp(— rt)(P(t) — C)dt 
ti<to Uri 

-exp(-rT/)(fciP(r/) + k 0 ) - exp(-rro)(/iP(r 0 ) + Iq)] . 


18 










2. Define a sequence of stopping times (R k ,k £ N) by R k ■= inf{i : t > 
0 ,P(t) > k}. For an entry decision time 77 , define a sequence of stopping 
times ( Sk,k £ N) by S k := 77 A k A Rk- Similarly, for an exit decision time 
to(> tj), define a sequence of stopping times (T k , k £ N) by T k := to Ak /\R k - 
Define an operator A by 

A °(p) ■= \o 2 p 2 ip"{p) + fiptp'ip) - r<p(p). 


Note that the functions G and H are C 1 convex functions. It follows from 
Meyer-Ito formula (see[14, p. 218, Theorem 70]) that 


exp(-rT fc )G(P(T fc )) 


= exp(— rSk)G(P(Sk)) + / exp(— rt)AG(P(t))dt 

JS k 
rT k 

+ a / exp(— rt)P(t)G'(P(t))dB(t) 

JS k 


and 


exp(—r5fc)i7(P(5fc)) =H(P(0)) + f exp(-rt)AH(P(t))dt 

Jo 

+ cr f exp(— rt)P(t)H'(P(t))dB(t). 

Jo 


Therefore, 

(5.15) 
rT k 


f exp(-rt) (P(i) - C) dt - exp(-r5 fc )(/ciP(S' fc ) + fc 0 ) 

Js k 


- exp (~rT k )(liP(T k ) + / 0 ) 
Sk 


■ f exp(— rs) (AG(P(t)) + P(t) — C) df + f exp(— rt)AH(P(t))dt 

Js k Jo 

- exp (-rS k )(k!P{S k ) + ko- G(P(S k )) + H(P(S k ))) 

- exp (-rT k )(hP(T k ) +l 0 + G(P(T k ))) 

rTk 

/ exp(—rt)P(t)G'(P(t))dB(t) 

Js k 

f k exp(-rt)P{t)H\P(t))dB(t) + H{P{ 0)). 

Jo 


+ cr 


+ cr 


3. By Doob’s optional sampling theorem (see [8, p. 19, Theorem 3.22] or [14, 
p. 9, Theorem 16]), we have 

rT k 


E p 


r 1 k 

/ exp(— rs)P(t)G'(P(t))dB(t) 

Js k 


= 0 
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and 


E p 


g k 

[ exp(— rs)P(t)H'(P(t))dB(t) 

Jo 


= 0. 


In addition, note that, by the proof of Theorem 5.3 and 5.6, 


AG(p) + P -C< 0, 


hp + + G(p) > 0, 

AH(p) < 0, 

kyp + k 0 - G(p) + H(p) > 0. 

Then it follows from (5.15) that 
(5.16) 


E p 


/ exp (—rt) ( P(t ) — C)) dt 
Us k 


exp(-rS k )(kiP(S k ) + k 0 ) 


-eM~rT k )(hP(T k ) +/ 0 )] < H(p). 


Note that 


(5.17) 


lim E 

T —^-|-oo 



exp(— rt)P(t)dt 


m 



f T 

lim / exp(— rt)pexp(nt)dt 
T ^ +0 ° Jo 


P 

r — p ’ 


where we have used the fact that the process 



— ^<r 2 t + aB(t) ) ,t > 0 


is a martingale (see [1, p. 288, Corollary 5.2.2]) for the first equality. 

Taking limits in the inequality (5.16) and using Lemma 5.10 and (5.17), 
we get 


(5.18) 

E p 


f exp (—rt) ( P(t ) — C)) dt 

■J tt 


exp(-rr/)(fciP(r/) + k 0 ) 


- exp(-rTo)(hP(r 0 ) + Iq)] < H(p). 


Thus 

(5.19) J(p) < H(p). 
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4. Take 77 = Tj in the definition of S k and to = Tq in the definition of T k , 
where r}’s are defined in Theorem 5.6, and Tq 1 s are given by Tq := +00 if 
C < rKo and Tq := inf{f : t > Tj and P(t) < po} if C > rKo, respectively. 
Note that 

AH(P(t )) = 0 for 0 < t < Tj by the proof of Theorem 5.6, 


and 


AG(P(t)) + P(t) — C = 0 for Tj < t < Tq by the proof of Theorem 5.3. 


Then, in light of (5.15), we have 
rT k 


E p 


[ exp(-rf) (P(t) - C)) d t - exp(-rS k )(k 1 P(S k ) + k 0 ) 

Us k 

- exp(—r T k )(liP{T k ) + l 0 )} 

= [exp(-r5 fc )(A: 1 P(5 fc ) + k 0 - G(P(S k )) + H(P(S k ))) 

+ exp(-rT fc )(l 1 P(T fc ) + l Q + G(P(T k )))] + H[p). 


Since the functions G and H are at most linear growth, we find, through 
a similar way to that of (5.18), 

f T o 

/ exp(-rf) (P(t) - C)) d t - exp(-rTj )(kiP(Tj) + k 0 ) 

A* 

— exp(—rr5)(ZiP(r5) + l 0 )] 

= H(p). 


The above equality and inequality (5.19) show us that J(jp) = H(p) and 
(tj,Tq) is a solution of the problem (5.1). Consequently, These and Theorem 
5.2 complete the proof. □ 


Example 5.12. Take r = 0.2, p = 0.1, a = 0.3, S = 1, C = 10, Kj = —20 and 
Ko = 10. Then we have r > p, C — rKo > 0, C + rK k > 0, Kj + Ko < 0 
and po = 2.66841 < 5.42902 = exp(— p5)(C + rKj). Thus we apply (vi) 
of Theorem 5.6, and get p'j ^ = 1.96101 and p^ 2) = 6.94641. Therefore, by 
Theorem 5.11, Tj := inf{f : t > 0, P(t) < 1.96101 or P(t) > 6.94641} is an 
optimal entry decision time and inf{t : t > Tj,P(t ) < 2.66841} is an optimal 
exit decision time. 


21 




References 


[1] D. Applebaum, Levy Processes and Stochastic Calculus , 2nd ed., Cam¬ 
bridge University Press, Cambridge, 2009. 

[2] A. Bar-Ilan and W. C. Strange, Investment Lags, Amer. Econ. Rev. 86 
(1996), no. 3, 610-622. 

[3] S. Boyarchenko and S. Levendorskii, Irreversible Decisions under Uncer¬ 
tainty: Optimal Stopping Made Easy, Spriger-Verlag, Berlin, 2007. 

[4] M. Costeniuc, M. Schnetzer, and L. Taschini, Entry and Exit Decision 
Problem with Implementation Delay, J. Appl. Prob. 45 (2008), no. 4, 
1039-1059. 

[5] A. Dixit, Entry and Exit Decisions under Uncertainty, J. Political Econ. 
97 (1989), no. 3, 620-638. 

[6] J. K. Duckworth and M. Zervos, An Investment Model with Entry and 
Exit Decisions, J. Appl. Prob. 37 (2000), no. 2, 547-559. 

[7] L. Gauthier and E. Morellec, Investment under uncertainty with imple¬ 
mentation delay, New Developments and Applications in Real Options, 
Oxford University Press, Oxford, 2000. 

[8] I. Karatzas and S. E. Shreve, Brownian Motion and Stochastic Calculus, 
2nd ed., Springer-Verlag, New York, 1991. 

[9] S. Levendorskii, Perpetual American options and 

real options under mean-reverting processes, Avail¬ 
able at SSRN: http://ssrn.com/abstract=714321 or 

http://dx.doi.org/10.2139/ssrn.714321, 2005. 

[10] R. R. Lumley and M. Zervos, A model for investments in the natural 
resource industry with switching costs, Math. Oper. Res. 26 (2001), no. 4, 
637-653. 

[11] B. Oksendal, Optimal Stopping with Delayed Information, Stoch. Dyn. 5 
(2005), no. 2, 271-280. 

[12] B. Oksendal and A. Sulem, Applied Stochastic Control of Jump Diffu¬ 
sions, 2nd ed., Spriger-Verlag, Berlin, 2007. 


22 


[13] H. Pham, Continuous-time Stochastic Control and Optimization with Fi¬ 
nancial Applications, Spriger-Verlag, Berlin, 2009. 

[14] P. E. Protter, Stochastic Integration and Differential Equations, 2nd ed., 
Spriger-Verlag, Berlin, 2005. 

[15] H. Shirakawa, Evaluation of Investment Opportunity under En¬ 
try and Exit Decisions, Mathematical analysis in economics, 

Surikaisekikenkyusho Kokyuroku 987 (1997), 107-124. 

[16] S. Spdal, Entry and Exit Decisions Based on a Discount Factor Approach, 
J. Econorn. Dynam. Control 30 (2006), no. 11, 1963-1986. 

[17] A. E. Tsekrekos, The effect of mean reversion on entry and exit decisions 
under uncertainty, J. Econorn. Dynam. Control 34 (2010), no. 4, 725-742. 

[18] H. Wang, A sequential entry problem with forced exits, Math. Oper. Res. 
30 (2005), no. 2, 501-520. 

[19] Y. Zhang, Entry and Exit Decisions with Linear Costs under Uncertainty, 
Stoch. Int. J. Probab. Stoch. Process 87 (2015), no. 2, 209-234. 


23 


